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1. Introduction
In [6], the authors studied the residual ﬁniteness of outer automorphism groups of the fundamen-
tal groups of Seifert ﬁbered spaces over orientable surfaces (brieﬂy, Seifert groups over orientable
surfaces). We proved that outer automorphism groups of almost all Seifert groups over orientable
surfaces, except possibly G1(0,3) and G1(1,1), are residually ﬁnite (RF ). In this paper we prove that
outer automorphism groups of Seifert groups over non-orientable surfaces G2(s, r), s > 0, are RF .
In the case of closed 3-manifolds M , the associated 3-manifolds are aspherical (unless the funda-
mental groups π1(M) are ﬁnite). So every outer automorphism of π1(M) is induced by a homotopy
equivalence of M: For orientable Haken manifolds, this was proved by Waldhausen [13] and for non-
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was proved by Scott [11]. His result was strengthened by Soma [12]. It follows that the mapping class
groups of these manifolds are isomorphic to Out(π1(M)). Thus our result (Theorem 4.14) together
with those in [8,11–13], implies that the mapping class groups of almost all Seifert ﬁbered spaces,
except possibly G1(0,3) and G1(1,1), are residually ﬁnite (RF ). In Section 2, we summarize our no-
tation, deﬁnitions and known results which are needed for this paper. In Section 3, we show that, for
s > 0, the quotient groups G2(s, r)/〈h〉 of G2(s, r) have Property E. Using this result, in Section 4, we
show that G2(s, r) has Property E for s > 0. These results show that the outer automorphism groups
of all Seifert groups, except possibly G1(0,3) and G1(1,1), are RF .
We conjecture that outer automorphism groups of all Seifert groups are RF .
2. Preliminaries
Throughout this paper we use standard notation and terminology.
If A, B are groups, G = A ∗H B denotes the generalized free product of A and B amalgamating the
subgroup H . If x ∈ G = A ∗H B then ‖x‖ denotes the free product length of x in G .
If g ∈ G , Inn g denotes the inner automorphism of G induced by g .
OutG denotes the outer automorphism group of G , that is, OutG = AutG/ InnG .
If x ∈ G , then {x}G denotes the set of all conjugates of x in G .
x ∼G y means that x and y are conjugate in G .
Z(G) is the center of G .
RF is an abbreviation for “residually ﬁnite”.
Deﬁnition 2.1. By a conjugating endomorphism/automorphism of a group G we mean an endomor-
phism/automorphism α which is such that, for each g ∈ G, there exists kg ∈ G, depending on g, so
that α(g) = k−1g gkg .
Deﬁnition 2.2. (See Grossman [7].) A group G has Property A if, for each conjugating automorphism α
of G, there exists a single element k ∈ G such that α(g) = k−1gk for all g ∈ G, i.e., α = Innk.
We extend Grossman’s Property A to include endomorphisms.
Deﬁnition 2.3. (See [5].) A group G has Property E if, for each conjugating endomorphism α of G,
there exists a single element k ∈ G such that α(g) = k−1gk for all g ∈ G, i.e., α = Innk.
Clearly, every abelian group has Property E and every group having Property E has Property A.
We will make use of the following result of Grossman [7]:
Theorem 2.4. (See Grossman [7].) Let B be a ﬁnitely generated, conjugacy separable group with Property A.
Then Out B is RF .
Finitely generated Fuchsian groups have the following presentations
G(n, r, s) =
〈
a1,b1, . . . ,an,bn, c1, . . . , cr,d1, . . . ,ds;dαii , c1 · · · crd1 · · ·ds
n∏
i=1
[ai,bi]
〉
,
where αi > 1. We need the following result from [5].
Theorem 2.5. (See [5].) The group G(n, r, s) has Property E except possibly G(0,0,3).
Theorem 2.6. (See [9, Theorem 4.6].) Let G = A ∗H B and let x ∈ G be of minimal length in its conjugacy class.
Suppose that y ∈ G is cyclically reduced, and that x∼G y.
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y ∼A h1 ∼B h2 ∼A · · · ∼A(B) hr = x.
(2) If ‖x‖ = 1, then ‖y‖ = 1 and, either x, y ∈ A and x∼A y, or x, y ∈ B and x∼B y.
(3) If ‖x‖ 2, then ‖x‖ = ‖y‖ and y∼Hx∗ where x∗ is a cyclic permutation of x.
Let M be a Seifert ﬁbered space. Its fundamental group π1(M) has one of the following three
possible presentations, where αi, βi are coprime integers and γ is an integer (see [1] or [10]).
(1) M is closed with orientable Seifert surface,
G1(s, r) =
〈
a1,b1, . . . ,as,bs,q1, . . . ,qr,h: h
a j = h±1, hb j = h±1, hqi = h,
qαii = hβi ,
(
r∏
i=1
qi
)(
s∏
j=1
[a j,b j]
)
= hγ
〉
.
(2) M is closed with non-orientable Seifert surface, for s > 0,
G2(s, r) =
〈
c1, c2, . . . , cs,q1, . . . ,qr,h: h
c j = h±1, hqi = h,qαii = hβi ,
(
r∏
i=1
qi
)(
s∏
j=1
c2j
)
= hγ
〉
.
(3) M has nonempty boundary,
G3(s, r) =
〈
x1, x2, . . . , xs,q1, . . . ,qr,h: h
x j = h±1, hqi = h,qαii = hβi
〉
.
3. The groups G2(s, r)/〈h〉
We shall need the following results the ﬁrst of which has a proof similar to that of Theorem 3.1
in [5].
Theorem 3.1. Let G = A ∗H B, where A = H = B and A has Property E. Suppose the following conditions hold
(A1) H is malnormal in A and H ⊂ Z(B).
(A2) There exists an element a ∈ A such that (i) {a}A ∩ H = ∅ and (ii) if u−1au = h′ah, where u ∈ A and
h′,h ∈ H, then h′ = h−1 .
Then G has Property E.
Proof. Let α be a conjugating endomorphism of G and α(g) = k−1g gkg for g ∈ G. Without loss of
generality, we can assume α(a) = a, where a satisﬁes (A2). As in the proof of Theorem 3.1 in [5], we
can show the following
(I) For each b ∈ B, we can choose kb ∈ A.
(II) There exists (a ﬁxed) u ∈ A so that ky = u for all y ∈ B.
Let αˆ = Innu−1 ◦ α. Then, by (II), αˆ(y) = y for all y ∈ B. Moreover, αˆ(a) = uα(a)u−1 = uau−1.
Thus, for b ∈ B\H , ba ∼G αˆ(ba) = αˆ(b)αˆ(a) = buau−1, where both sides are cyclically reduced of
length 2. Thus, by [9, p. 212], ba ∼H buau−1, which implies that b = h−1bh1 and a = h−11 uau−1h for
some h,h1 ∈ H . Since H ⊂ Z(B), we have h = h1. This implies that αˆ(a) = uau−1 = hah−1.
Considering α = Innh ◦ αˆ, we have α(a) = a and α(y) = y for all y ∈ B . For convenience, we again
write α(g) = k−1g gkg for g ∈ G. Then, as in the proof of Theorem 3.1 in [5], we can show that kx ∈ A
for each x ∈ A\H .
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Since α(h) = h for all h ∈ H , the restriction of α to A is a conjugating endomorphism of A. Since A
has Property E, there exists w ∈ A such that α(x) = w−1xw for all x ∈ A. Then h = α(h) = w−1hw for
h = 1. Since H is malnormal in A, we must have w ∈ H . Hence α(b) = b = w−1bw . Thus α = Innw
on G and hence α is an inner automorphism of G . This shows that G has Property E. 
From above we can easily derive:
Corollary 3.2. Let G = A ∗H B, where A = H = B and A has Property E. Suppose the following conditions hold
(B1) H is malnormal in A and B is abelian.
(B2) There exists a nontrivial normal subgroup M  A such that M ∩ H = 1.
Then G has Property E.
The following is also similar to Theorem 3.3 in [3].
Theorem 3.3. (See [3].) Let G = A ∗H B, where H ⊂ Z(A). Suppose B is abelian and B = H. Then G has
Property E.
To show that the groups G2(s, r) have Property E, we ﬁrst show that the groups G2(s, r)/〈h〉 have
Property E. For convenience we let Q (s, r) = G2(s, r)/〈h〉 and let
Q (s, r) =
〈
c1, c2, . . . , cs,q1, . . . ,qr: q
αi
i = 1,
(
r∏
i=1
qi
)(
s∏
j=1
c2j
)
= 1
〉
,
where s > 0.
Lemma 3.4. The group Q (s, r) has Property E for either s 2, or s = 1 and r  3.
Proof. Case 1. (1) s 4, or s = 3 and r  1, or s = 2 and r  3. Let Q (s, r) = A ∗〈k〉 B , where
A = 〈cs, cs−1: 〉,
B = 〈c1, . . . , cs−2,q1, . . . ,qr: qαii = 1〉,
and
k = c−2s c−2s−1 =
(
r∏
i=1
qi
)(
s−2∏
j=1
c2j
)
.
Then A, B are free products of cycles and 〈k〉 is malnormal in both A and B (see [5, p. 65]). Since A/A′
is free abelian, we have A′ ∩ 〈k〉 = 1. Thus (A2) in Theorem 3.1 [5] holds. Hence, by Theorem 3.1 [5],
Q (s, r) has Property E for this case. The following cases (where, for clarity, we omit the deﬁning
relations) are similar.
(2) s = 2 and r = 2. Let A = 〈c1,q2〉, B = 〈c2,q1〉 and k = q−11 c−22 = q2c21.
(3) s = 1 and r  4. Let A = 〈c1,qr〉, B = 〈q1, . . . ,qr−1〉 and k = c−21 q−1r = q1 · · ·qr−1.
(4) s = 1, r = 3 and one of αi = 2. Suppose α1 = 2. Let A = 〈c1,q3〉, B = 〈q1,q2〉 and k = c−21 q−13 =
q1q2.
Case 2. (1) s = 3 and r = 0. Let A = 〈c1, c2〉, B = 〈c3〉 and k = c21c22 = c−23 .
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Each A above is a free product of cycles, hence A has Property E [5]. Moreover A has a nontrivial
normal subgroup A′ such that A′ ∩ 〈k〉 = 1. Since 〈k〉 is malnormal in A and B is abelian, A ∗〈k〉 B has
Property E by Corollary 3.2. Hence Q (3,0) and Q (2,1) have Property E.
Case 3. s = 2 and r = 0. Since Q 2(2,0) = 〈c1〉 ∗〈k〉 〈c2〉, where k = c21 = c−22 , Q (2,0) has Property E
by Theorem 3.3.
Case 4. s = 1 and r = 3 with α1 = α2 = α3 = 2. Let A = 〈q1,q2,q3: q2i = 1〉, B = 〈c1〉 and
k = q1q2q3 = c−11 . Then 〈k〉 is malnormal in A. Let π : A → 〈q1〉 × (〈q2〉 ∗ 〈q2〉) be the obvious ho-
momorphism. Then kerπ ∩ 〈k〉 = 1. Thus Q (1,3) with αi = 2 has Property E by Corollary 3.2. 
Lemma 3.5. The group Q (1, r) with r  2 has Property E.
Proof. Since Q (1,1) is cyclic and Q (1,0) is trivial, they have Property E. We shall show that Q (1,2)
has Property E. Let G = Q (1,2) = 〈c,q1,q2: qαii = 1,q1q2c2 = 1〉, where c = c1. Then G = A ∗〈k〉 B ,
where A = 〈q1: qα11 〉 ∗ 〈q2: qα22 〉, B = 〈c〉, and k = q1q2 = c−2.
Case 1. α1 = 2 (similarly α2 = 2). Then 〈k〉 is malnormal in A. Since A is a free product, by Theo-
rem 3.2 in [5], A has Property E. We shall show that a = q2 satisﬁes the condition (A2) in Theorem 3.1.
Since |a| = |q2| is ﬁnite, {a}A ∩ 〈k〉 = ∅. Suppose u−1au = kiak j where u ∈ A. Then q2 ∼A q2ki+ j . Note
that
q2k
m = q2(q1q2)m ∼ (q1q2)m−1q1q22 form 1,
q2k
−m = q2(q1q2)−m ∼ (q1q2)−m+2q−12 q−21 form 2,
and
q2k
−1 = q2(q1q2)−1 = q−11 .
Since α1 = 2, each of the above q2k±m A q2 for m = 0. Hence i+ j = 0. Thus, by Theorem 3.1, Q (1,2)
has Property E when α1 = 2.
Case 2. α1 = 2 = α2. Suppose α be a conjugating endomorphism of G . Without loss of generality,
we may assume α(c) = c. Then α(k) = k. Let tq1 = u1 · · ·ur be an alternating product of the shortest
length in G = Q (1,2) such that α(q1) = t−1q1 q1tq1 . Since α1 = 2 = α2, if u1 ∈ A then u1 = q1ki for
 = 0,1. Thus u−12 u−11 q1u1u2 = u−12 k−iq1kiu2, where kiu2 ∈ B . Hence we may assume u1 ∈ B = 〈c〉.
Then
q1c ∼ α(q1c) = α(q1)c = u−1r · · ·u−11 q1u1 · · ·urc
∼ u−1r−1 · · ·u−11 q1u1 · · ·urcu−1r . (3.1)
Since q1c is of length 2 in G and u1 ∈ 〈c〉, by considering the length of (3.1) we have r  1. Hence
tq1 = ci for some i. Thus α(q1) = c−iq1ci Since α(c) = c = c−icci and α(k) = k = c−ikci , we have
α(q2) = α(q−11 k) = α(q−11 )α(k) = c−iq2ci . Thus α = Inn ci . Hence Q (1,2) with α1 = 2 = α2 has Prop-
erty E. 
Theorem 3.6. The group Q (s, r) = G2(s, r)/〈h〉 has Property E for s > 0.
Proof. By Lemmas 3.4 and 3.5, Q (s, r) has Property E for s > 0. 
Thus we have the following conclusion by Theorem 2.4.
Theorem 3.7. The outer automorphism groups of Q (s, r) = G2(s, r)/〈h〉 are residually ﬁnite for s > 0.
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We now consider groups
A = 〈a1, . . . ,an, p1, . . . , pm,h: hai = h±1, hp j = h, p jα j = hβ j 〉,
B = 〈b1, . . . ,br,q1, . . . ,qs,h: hbi = h±1, hq j = h, q jλ j = hδ j 〉, (4.1)
and
G = A ∗W B, where W = 〈k〉 × 〈h〉,
where k is an element in A and B such that [h,k] = 1 and |k| = ∞ in A = A/〈h〉 and B = B/〈h〉.
Clearly 〈h〉 G and A and B are free products of cycles. We consider the following conditions:
(C1) For A, 〈k〉 is malnormal in A, similarly, for B , 〈k〉 is malnormal in B .
(C2) For A, {ai}A ∩ 〈k〉 = ∅ and {p j}A ∩ 〈k〉 = ∅ for all i, j, similarly, for B , {bi}B ∩ 〈k〉 = ∅ and
{q j}B ∩ 〈k〉 = ∅ for all i, j.
(C3) If there exist at least two generators ai , a j of A such that hai = h−1 and ha j = h−1, then
{aia j}A ∩ W = ∅ for all such distinct generators ai , a j of A.
Lemma 4.1. Let G = A ∗W B be as above and g ∈ G, where A, B satisfy (C1).
(1) If w ∈ W \〈h〉 and g−1wg ∈ W , then g ∈ W .
(2) If c ∈ A\W and g−1cg = chm(c) for some integer m(c), then g ∈ A.
(3) If c ∈ B\W and g−1cg = chm(c) for some integer m(c), then g ∈ B.
Proof. (1) Let w = kih j and i = 0. Suppose g = u1u2 · · ·ur is an alternating product in G . Then
g−1wg = u−1r · · ·u−12 u−11 wu1u2 · · ·ur ∈ W . (4.2)
Suppose u1 ∈ A (similarly u1 ∈ B). Considering the length of (4.2), we have u−11 wu1 ∈ W . Let
u−11 wu1 = kαhβ . Then, in A = A/〈h〉, we have u−11 wu1 = u−11 kiu1 = kα . Since A satisﬁes (C1), we
have u1 ∈ 〈k〉. Hence u1 ∈ W . Therefore g = u1 ∈ W .
(2) Let c ∈ A\W and g = u1u2 · · ·ur be an alternating product in G . Then
u−1r · · ·u−12 u−11 cu1u2 · · ·ur = chm(c). (4.3)
By length consideration, we must have u1 ∈ A. If u−11 cu1 /∈ W , then r  1 and g = u1 ∈ A. Suppose
u−11 cu1 ∈ W . Since 〈h〉 A, u−11 cu1 ∈ W \〈h〉. In this case, if r  2, then u2 ∈ B and, by considering the
lengths of (4.3), u−12 (u
−1
1 cu1)u2 ∈ W . This implies from (1) above that u2 ∈ W . Hence g = u1u2 ∈ A.
(3) This case is similar to (2). 
Lemma 4.2. Let G = A ∗W B be as above, where A, B satisfy (C2). Let β(g) = g · hm(g) be a conjugating
endomorphism of G. If h ∈ Z(A) then β(a) = a for all a ∈ A and if h ∈ Z(B) then β(b) = b for all b ∈ B.
Proof. For each g ∈ G , let β(g) = τ−1g gτg , where τg ∈ G .
Let h ∈ Z(A). For the generator a1 ∈ A, let τa1 = u1u2 · · ·ur be an alternating product in G . Then
u−1r · · ·u−12 u−11 a1u1u2 · · ·ur = a1hm(a1). (4.4)
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Since the right-hand side of (4.4) is of length 1, r  1. Thus τa1 = u1 ∈ A. Consequently β(a1) =
u−11 a1u1 = a1hm(a1) , where u1 ∈ A. In A = A/〈h〉, u−11 a1u1 = a1. Since a1 is a free generator of the free
product A of cyclic subgroups, we have u1 ∈ 〈a1〉 (see [9, p. 187]). Hence u1 ∈ 〈a1,h〉. Since h ∈ Z(A),
β(a1) = u−11 a1u1 = a1. Similarly, for other generators of A, we have β(ai) = ai and β(p j) = p j . We
can repeat the above argument using a1h instead of a1. Then we have β(a1h) = a1h. Thus β(h) =
β(a−11 a1h) = β(a1)−1β(a1h) = a−11 a1h = h. Hence β(a) = a for all a ∈ A.
Similarly, if h ∈ Z(B) then β(b) = b for all b ∈ B . 
Lemma 4.2 immediately implies the following
Theorem 4.3. Let G = A ∗W B be as above, where A, B satisfy (C2). Suppose h ∈ Z(A) ∩ Z(B). If G/〈h〉 has
Property E, then G has Property E.
Proof. Let α be a conjugating endomorphism of G given by α(g) = t−1g gtg . Let G = G/H , where
H = 〈h〉. Then α¯ : G → G given by α¯(gH) = α(g)H = t−1g H · gH · tg H is a conjugating endomorphism
of G . Since G has Property E by assumption, α¯ is an inner automorphism of G . That is, there is a ﬁxed
element tH in G/H such that
α¯(gH) = t−1g H · gH · tg H = t−1H · gH · tH .
From this equality we obtain α(g) = t−1g · g · tg = t−1 · g · t · hn(g) , where n(g) depends on g . Deﬁne
β(g) = (Inn t−1 ◦ α)(g) = tt−1g gtgt−1 = g · h±n(g), where tgt−1 ∈ G and varies with g . In particular,
β is a conjugating endomorphism of G . For convenience, let tgt−1 = τg and ±n(g) =m(g). Then we
have
β(g) = τ−1g gτg = g · hm(g).
Since h ∈ Z(A) ∩ Z(B), by Lemma 4.2 β(x) = x for all x ∈ A and β(y) = y for all y ∈ B . Hence β is
an identity on G . This implies α is an inner automorphism of G . Therefore G has Property E. 
Theorem 4.4. Let G = A ∗W B be as in (4.1), where A, B satisfy (C1) and (C2). If G/〈h〉 has Property E, then
G has Property E.
Proof. Let α be a conjugating endomorphism of G given by α(g) = t−1g gtg . As in Theorem 4.3, we
can construct the conjugating endomorphism β of G from the induced inner automorphism α of
G = G/〈h〉. Thus,
β(g) = (Inn t−1 ◦ α)(g) = τ−1g gτg = g · hm(g).
(I) We shall show that β|A and β|B , the restrictions of β to A and B respectively, are conju-
gating endomorphisms of A and B . Consider β(a) = τ−1a aτa = a · hm(a) . If a ∈ A\W then τa ∈ A by
Lemma 4.1(2). If a ∈ W \〈h〉 then, since a · hm(a) ∈ W , Lemma 4.1(1) shows that τa ∈ W ⊂ A. Therefore
if a ∈ A\〈h〉 then τa ∈ A. Similarly, if b ∈ B\〈h〉 then τb ∈ B . Note that β(h) = h±1. If β(h) = h then, by
taking τh = 1, β|A and β|B are conjugating endomorphisms of A and B , respectively.
So, suppose β(h) = h−1. Then, by Lemma 4.2, h /∈ Z(A) and h /∈ Z(B). Hence there exist ai (or pi)
in A and b j (or q j) in B such that hai = h−1 and hb j = h−1. Then we take τh = ai for β|A and τh = b j
for β|B . Therefore, β|A and β|B are conjugating endomorphisms of A and B , respectively.
(II) We shall show that α is an inner automorphism of G . Since A and B have Property E [3], there
exist ﬁxed elements u ∈ A and v ∈ B such that β(a) = u−1au for all a ∈ A and β(b) = v−1bv for all
b ∈ B . Since β(a) = u−1au = a · hm(a) , if we consider a ∈ W \〈h〉 then, by Lemma 4.1(1), u ∈ W . Now, if
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Since u ∈ W and c /∈ W , it follows from Lemma 4.1(1) that u ∈ 〈h〉. Similarly v ∈ 〈h〉.
(i) Suppose h ∈ Z(A) (or similarly h ∈ Z(B)). Let δ = Inn v−1 ◦ β . Then δ(b) = b for all b ∈ B . Also
δ(a) = vu−1auv−1 = a for all a ∈ A, since u, v ∈ 〈h〉 ⊂ Z(A). Hence δ acts as the identity on G . This
proves that α is an inner automorphism of G .
(ii) Suppose h /∈ Z(A) and h /∈ Z(B). Then there exist generators ai (or pi) and b j (or q j) such that
hai = h−1 and hb j = h−1. Since aib j ∼G β(aib j) = β(ai)β(b j) = u−1aiu · v−1b j v = aib ju−2v2, we have,
by Theorem 2.6 aib ju−2v2 ∼W aib j . Hence
aib ju
−2v2 = w−1aib jw (4.5)
for some w ∈ W . Now (4.5) gives (aib j)−1w(aib j) = whλ , where hλ = v−2u2. Hence, if w ∈ W \〈h〉
then Lemma 4.1(1) shows that aib j ∈ W which is not possible. Thus w ∈ 〈h〉. Then, by (4.5), we have
aia ju−2v2 = aia j . Thus u−2v2 = 1. Since u, v ∈ 〈h〉, we must have u = v . Let δ = Inn v−1 ◦ β . Then
δ(b) = b for all b ∈ B . Also δ(a) = vu−1auv−1 = a for all a ∈ A. Hence δ acts as the identity on G . This
proves that α is an inner automorphism of G . 
Corollary 4.5. If s 4, or s = 3 and r  1, or s = 2 and r  3, then the groups G2(s, r) have Property E.
Proof. Let G2(s, r) = A ∗W B , where
A = 〈cs, cs−1,h: hcs = h±1, hcs−1 = h±1〉,
B = 〈c1, . . . , cs−2,q1, . . . ,qr,h: hc j = h±1, hqi = h, qiαi = hβi 〉,
W = 〈k〉 × 〈h〉 by setting k = hγ c−2s c−2s−1 =
r∏
i=1
qi ·
s−2∏
j=1
c2j .
Clearly A, B satisfy (C1) and (C2) (see Lemma 4.1 in [5]). Since Q (s, r) = G2(s, r)/〈h〉 has Property E
by Theorem 3.6, applying Theorem 4.4 we have the result. 
The following can be compared with Theorems 4.3 and 4.4.
Theorem 4.6. Let G = A ∗W B be as in (4.1). Suppose A satisﬁes (C1)–(C3) and B satisﬁes (C2) and h ∈ Z(B).
If G/〈h〉 has Property E, then G has Property E.
Proof. Let α be a conjugating endomorphism of G given by α(g) = t−1g gtg . As in Theorem 4.3, we
can construct the conjugating endomorphism β of G , where
β(g) = (Inn t−1 ◦ α)(g) = τ−1g gτg = g · hm(g)
for a ﬁxed t ∈ G . Since h ∈ Z(B), by Lemma 4.2 β(b) = b for all b ∈ B .
We shall show that there exists an integer d such that β(x) = h−dxhd for all x ∈ A. Let a (= a1) be
a generator of A and τa = u1u2 · · ·ur be an alternating product in G . Then
β(a) = u−1r · · ·u−12 u−11 au1u2 · · ·ur = ahm(a). (4.6)
Clearly, by considering the lengths of both sides of (4.6), we have u1 ∈ A so that r  1 by (C2). There-
fore τa = u1 ∈ A and β(a) = u−11 au1 = ahm(a) . In A = A/〈h〉, we have u−11 au1 = a. This implies that
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ilarly, considering other generators ai, p j in A, we assume β(ai) = h−γi aihγi and β(p j) = h−γ
′
j p jh
γ ′j =
p j . We need to consider the following two cases:
(i) There is at most one generator ai in A such that hai = h−1. If all ai satisfy hai = h, then β(ai) =
h−γi aihγi = ai for all i. Since β(p j) = p j , we have β(x) = x for all x ∈ A. If there is only one generator
(say a1) such that ha1 = h−1, then, for all i = 1, we have β(ai) = h−γi aihγi = ai = h−γ1aihγ1 . Since
β(p j) = p j = h−γ1 p jhγ1 , it follows that β(x) = h−γ1xhγ1 for all x ∈ A, as required.
(ii) There are at least two generators ai in A such that hai = h−1. We can assume ha1 = h−1 and
ha2 = h−1. By (C3), x−1a1a2x /∈ W for all x ∈ A. By considering β(a1a2) instead of a in (4.6), we obtain
τa1a2 = u1 ∈ A and β(a1a2) = u−11 a1a2u1 = a1a2hm(a1a2) . Thus, in A = A/〈h〉, we have u−11 a1a2u1 =
a1a2. This implies that u1 ∈ 〈a1a2〉 by [9, p. 187]. Therefore u1 = (a1a2)hδ and β(a1a2) = u−11 a1a2u1 =
h−δa1a2hδ = a1a2. Since β(a1a2) = β(a1)β(a2) = h−γ1a1hγ1h−γ2a2hγ2 = a1a2h−2γ1+2γ2 , we have γ1 =
γ2. Consequently we can assume that β(ai) = h−γ1aihγ1 for all generators ai such that hai = h−1. For
the generators a j such that ha j = h, we have β(a j) = h−γ j a jhγ j = a j = h−γ1a jhγ1 . Since β(p j) = p j =
h−γ1 p jhγ1 , we have β(x) = h−γ1xhγ1 for all x ∈ A, as required.
Since β(y) = y = h−γ1 yhγ1 for all y ∈ B , we have β = Innhγ1 . Therefore G has Property E. 
Corollary 4.7. The groups G2(s, r) of the following cases have Property E.
(1) s = 2 and r = 2;
(2) s = 1 and r  3.
Proof. (1) s = 2 and r = 2. We write G2(2,2) = A ∗W B , where A = 〈c1, c2,h〉, B = 〈q1,q2,h〉, and
k = hγ c−22 c−21 = q1q2. Then A, B satisfy (C2) and A satisﬁes (C1). Clearly h ∈ Z(B). In a free group
A = A/〈h〉 = 〈c1, c2〉, {c1c2}A ∩ 〈k〉 = ∅, where k = c−22 c−21 . It follows that {c1c2}A ∩ W = ∅. Hence (C3)
holds. Thus, by Theorem 4.6, G2(2,2) has Property E.
(2) s = 1 and r  3. We write G2(1, r) = A ∗W B , where A = 〈c1,q3, . . . ,qr,h〉, B = 〈q1,q2,h〉,
and k = hγ c−21 q−1r · · ·q−13 = q1q2. Then A, B satisfy (C2) and A satisﬁes (C1). Since h ∈ Z(B) and A
has only one generator c1 such that hc1 = h±1, Theorem 4.6 tells us that if r  3 then G2(1, r) has
Property E. 
For the special cases G2(3,0), G2(2,1), G2(2,0) and G2(1,2) to have Property E, the general
arguments are similar. However, because of certain differences we treat them separately in Lem-
mas 4.8–4.11.
Lemma 4.8. The group G2(3,0) has Property E.
Proof. (1) Suppose hc1 = h (similarly, hc2 = h or hc3 = h). Let G2(3,0) = A ∗W B , where A = 〈c2, c3,h〉,
B = 〈c1,h〉, and k = hγ c−23 c−22 = c21. Note that G2(3,0)/〈h〉 has Property E by Theorem 3.6 and
h ∈ Z(B). Since A satisﬁes (C1) and (C2) and B satisﬁes (C2), as in the proof of Corollary 4.7, A satis-
ﬁes (C3). Hence G2(3,0) has Property E by Theorem 4.6.
(2) Suppose hc1 = h−1, hc2 = h−1 and hc3 = h−1. Let G2(3,0) = A ∗W B , where A = 〈c3,h〉, B =
〈c1, c2,h〉, and k = hγ c−23 = c21c22. Note that G2(3,0)/〈h〉 has Property E by Theorem 3.6. Hence, as
in the proof of Theorem 4.4, it suﬃces to show that the conjugating endomorphism β(g) = ghm(g)
is inner. Let tc1 = u1 · · ·ur be an alternating product of the shortest length in G2(3,0) such that
β(c1) = t−1c1 c1tc1 . Hence
c1h
m(c1) = β(c1) = u−1r · · ·u−11 c1u1 · · ·ur . (4.7)
Considering the lengths of both sides, we must have u1 ∈ B . In B = B/〈h〉 = 〈c1〉 ∗ 〈c2〉, we have
u−11 c1u1 /∈ 〈k〉, where k = c21c22. Hence u−11 c1u1 /∈ W . It follows from (4.7) that r = 1, that is,
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Therefore u1 = c1hα for some ,α. This implies that β(c1) = u−11 c1u1 = h−αc1hα .
An identical argument shows that β(c2) = h−c2h for some  .
Similarly we can show that β(c3) = h−δc3hδ for some δ.
Since hc1 = h−1 and hc3 = h−1, we have β(c1) = c1h2α and β(c3) = c3h2δ . Since c1c3 ∼G β(c1c3),
by Theorem 2.6, c1c3∼W c1h2αc3h2δ = c1c3h2(δ−α) . Thus c1 = w−11 c1w2 and c3 = w−12 c3h2(δ−α)w1
for some w1,w2 ∈ W . From the ﬁrst equation, in B = B/〈h〉, we have c1 = w−11 c1w2 where
w1,w2 ∈ W = 〈k〉 and k = c21c22. Since W is malnormal in B , w1 = 1 = w2. Thus w1 = hi and w2 = h j
for some i, j. It follows that c1 = h−ic1h j = c1hi+ j , whence i + j = 0. Now c3 = w−12 c3h2(δ−α)w1 =
h− jc3h2(δ−α)hi = c3h2(δ−α)hi+ j = c3h2(δ−α) . Therefore α = δ. An identical argument shows that, since
hc2 = h−1,  = δ. Consequently in this case β(ci) = h−δcihδ for i = 1,2,3.
By taking Innh−δ ◦ β as our new β , we may assume that β(ci) = ci for i = 1,2,3. To complete our
proof we shall show that β(h) = h.
We consider x = c1c2h ∈ B . Let tx = v1 · · · vr be an alternating product of the shortest length in
G2(3,0) such that β(x) = t−1x xtx . Then
xhm(x) = β(x) = v−1r · · · v−11 xv1 · · · vr . (4.8)
Considering the lengths of both sides, we must have v1 ∈ B . Since v−11 xv1 = v−11 c1c2hv1 /∈ W , as
before, we must have r = 1, that is, tx = v1 ∈ B . Thus xhm(x) = β(x) = v−11 xv1, that is, c1c2hhm(c1c2h) =
β(c1c2h) = v−11 c1c2hv1. In B = B/〈h〉 = 〈c1〉 ∗ 〈c2〉, we have c1c2 = v−11 c1c2v1. Hence v1 ∈ 〈c1c2〉.
Therefore, we have tx = v1 ∈ 〈c1c2,h〉. Since [c1c2,h] = 1, we have β(x) = β(c1c2h) = v−11 c1c2hv1 =
c1c2h. Since β(c1c2h) = β(c1)β(c2)β(h) = c1c2β(h), we have β(h) = h. It follows that our original β is
an inner automorphism of G2(3,0), whence G2(3,0) has Property E. 
Lemma 4.9. The group G2(2,1) has Property E.
Proof. (1) Suppose hc1 = h (similarly, hc2 = h). Let G2(2,1) = A ∗W B , where A = 〈c2,q1,h〉,
B = 〈c1,h〉, and k = hγ q−11 c−22 = c21. Note that G2(2,1)/〈h〉 has Property E by Theorem 3.6 and
h ∈ Z(B). Since A satisﬁes (C1)–(C3) and B satisﬁes (C2), G2(2,1) has Property E by Theorem 4.6.
(2) Suppose hc1 = h−1 and hc2 = h−1. Let G2(2,1) = A ∗W B , where A = 〈c2,h〉, B = 〈c1,q1,h〉,
and k = hγ c−22 = q1c21. Note that G2(2,1)/〈h〉 has Property E by Theorem 3.6. Following the proof (2)
of Lemma 4.8 word by word, we can prove that the conjugating endomorphism β given by β(g) =
ghm(g) is such that c1hm(c1) = β(c1) = u−11 c1u1 for some u1 ∈ B so that, in B = B/〈h〉 = 〈c1〉 ∗ 〈q1〉,
we have c1 = u−11 c1u1. Hence u1 ∈ 〈c1〉. Therefore u1 = cλ1hα for some λ,α. This implies that β(c1) =
u−11 c1u1 = h−αc1hα .
Similarly, we have tq1 = v1 ∈ B and β(q1) = v−11 q1v1. Hence, v1 ∈ 〈q1〉 and so v1 = q1hδ for some
, δ. This implies that β(q1) = v−11 q1v1 = h−δq1hδ = q1 = h−αq1hα .
By a similar argument, we can show that tc2 = a ∈ A and β(c2) = a−1c2a. Moreover, a = cμ2 h for
some μ, . This implies that β(c2) = h−c2h .
Since hc1 = h−1 and hc2 = h−1, as in the proof (2) of Lemma 4.8, we can show that  = α. Therefore
β(c1) = h−αc1hα , β(c2) = h−αc2hα and β(q1) = q1 = h−αq1hα .
By taking Innh−α ◦ β as our new β , we may assume that β(ci) = ci for i = 1,2 and β(q1) = q1. To
complete our proof we shall need to show that β(h) = h.
As in the proof of Lemma 4.8, we consider a = q1h ∈ B . Let β(a) = t−1a ata . Then ta ∈ 〈q1,h〉. Since
q1 and h commute, β(a) = β(q1h) = t−1a q1hta = q1h. Since β(q1h) = q1β(h), we have β(h) = h. It
follows that our original β is an inner automorphism of G2(2,1), whence G2(2,1) has Property E. 
Lemma 4.10. The group G2(2,0) has Property E.
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G2(2,0)/〈h〉 has Property E by Theorem 3.6. Again following the proof of Lemma 4.8 we prove, for
β given by β(g) = ghm(g) , that β(c1) = u−11 c1u1 = h−αc1hα where u1 = cλ1hα for some λ,α. Similarly
β(c2) = h−δc2hδ for some δ.
(1) Suppose hc1 = h−1 and hc2 = h−1. In this case β(c1) = c1h2α and β(c2) = c2h2δ . Since c1c2 ∼G
β(c1c2), by Theorem 2.6, c1c2∼W c1h2αc2h2δ = c1c2h2(δ−α) . Thus, for some i, j, l,m, we have
c1 = h− jk−ic1klhm = c1kl−ihm+ j, (4.9)
c2 = h−mk−lc2h2(δ−α)kih j = c2c2(l−i)2 hγ (l+i)h2(δ−α)hm+ j. (4.10)
From (4.9) we have l − i = 0 and m + j = 0. It follows from (4.10) that c2 = c2h2(δ−α+γ i) . Hence δ =
α − γ i. Therefore β(c2) = h−δc2hδ = h−αhγ ic2h−γ ihα = h−αkic2k−ihα . Let w = k−ihα . Then β(c2) =
w−1c2w . Since k = c21, β(c1) = h−αc1hα = w−1c1w .
(i) Suppose γ = 0. Note that β(hγ ) = β(c21c22) = β(c21)β(c22) = w−1c21c22w = hγ . Hence, we have
β(h) = h = w−1hw . Therefore β = Innw , where w = k−ihα .
(ii) Suppose γ = 0. Let β(h) = h , where  = ±1. Since c1c2h ∼G β(c1c2h) = w−1c1c2hw , by
Theorem 2.6, c1c2h∼W c1c2h . Since γ = 0, k = c−22 = c21. As before, for some i, j, l,m, we have
c1 = h− jk−ic1klhm = c1kl−ihm+ j, (4.11)
c2h = h−mk−lc2hkih j = c2c2(l−i)2 hm++ j. (4.12)
From (4.11) we have l − i = 0 and m + j = 0. It follows from (4.12) that h = h . Hence β(h) = h =
w−1hw . Therefore β = Innw , where w = k−ihα .
(2) Suppose hc1 = h and hc2 = h±1. Clearly β(c1) = h−αc1hα = c1 = h−δc1hδ . As in last part of the
proof (2) of Lemma 4.8, we can deduce β(h) = h. Hence β = Innhδ .
Thus, in both cases, β is an inner automorphism of G2(2,0), whence G2(2,0) has Property E. 
Lemma 4.11. The group G2(1,2) has Property E.
Proof. Let G2(1,2) = A ∗W B , where A = 〈c1,h〉, B = 〈q1,q2,h〉, and k = hγ c−21 = q1q2. Note that
G2(1,2)/〈h〉 has Property E by Theorem 3.6. As before, for β given by β(g) = ghm(g) , we obtain
β(c1) = u−11 c1u1 = h−αc1hα where u1 = cλ1hα for some λ,α. Similarly β(q1) = h−μq1hμ and β(q2) =
h−δq2hδ for some μ,δ. Since hqi = h, we have β(q1) = q1 = h−αq1hα and β(q2) = q2 = h−αq2hα . Then,
as in last part of the proof of Lemma 4.9, we can show that β(h) = h. Therefore β = Innhα . It follows
that G2(1,2) has Property E. 
Lemma 4.12. Let G/〈h〉 be cyclic. Then G has Property E.
Proof. Let G/〈h〉 = 〈c〈h〉〉. If g ∈ G then g = chi for some , i. Let α be a conjugating endomorphism
of G . We can assume α(h) = h. Let α(c) = τ−1c cτc = h−ic−cchi = h−ichi , where τc = chi . Since
α(h) = h = h−ihhi , α = Innhi . Hence G has Property E. 
Lemma 4.13. The groups G2(1,1) and G2(1,0) have Property E.
Proof. The groups G2(1,1) and G2(1,0) are cyclic-by-cyclic. Hence they have Property E by
Lemma 4.12. 
We note that the groups G2(2,0), G2(1,1) and G2(1,0) are polycyclic. Thus by Wehrfritz [14] their
outer automorphism groups are isomorphic to a subgroup of GL(n, Z), whence RF .
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groups G1(s, r), G2(s, r) and G3(s, r) except G1(0,3) and G1(1,1) have Property E.
Note that those G1(s, r), G2(s, r) and G3(s, r) except possibly G1(1,1) and G1(0,3) are conjugacy
separable [2–4]. Thus we have the following conclusion by Theorem 2.4.
Theorem 4.14. The outer automorphism groups of almost all Seifert groups, except possibly G1(0,3) and
G1(1,1), are residually ﬁnite.
Since Waldhausen [13], Heil [8], Scott [11] and Soma [12] showed that mapping class groups of
Seifert 3-manifolds are isomorphic to the outer automorphism groups of their fundamental groups,
we have
Corollary 4.15.Mapping class groups of almost all Seifert 3-manifolds, except possibly those corresponding to
G1(0,3) and G1(1,1), are residually ﬁnite.
Conjecture. All outer automorphism groups of Seifert groups are residually ﬁnite.
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